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Abstract 

In this paper we develop a general theory which provides a unified treatment of two 
apparently different problems. The weak Gibbs property of measures arising from the 
application of Renormalization Group maps and the mixing properties of disordered lattice 
systems in the Griffiths' phase. We suppose that the system satisfies a mixing condition 
in a subset of the lattice whose complement is sparse enough namely, large regions are 
widely separated. We then show how it is possible to construct a convergent multi-scale 
cluster expansion. 
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1. Introduction 

In this paper we develop a general theory which provides a unified treatment of two 
apparently different problems: (i) the weak Gibbs property of measures arising from the 
application of Renormalization Group (RG) maps to Gibbs states of lattice systems and 
(ii) the mixing properties of disordered lattice systems in the so called Griffiths' phase. 
Let us explain the main features of these issues. 

1.1. Weak Gibbsianity of renormalized measures 

Renormalization group is a fundamental method in modern theoretical physics. It has 
been originally introduced to analyze scale invariant situations that are typical of sta- 
tistical mechanical systems at their critical point. However it also exhibits its power for 
non-critical systems that deserve to be analyzed on appropriate scales, see [6l|2l]. The 
RG maps are defined as follows. 

Consider a d-dimensional lattice spin system (object system) whose state space is 
X := §Q xe cXx, where £ := 7L d and each X x is a copy of the same finite set Xq. We set 
£W : = £Z d , with i G N, and partition C as the disjoint union of £-boxes C = Uje£(«) Qe(i) 
where Qe(i) is the cube of side length £ with i the site with smallest coordinates. Moreover, 
to each i G C^' we associate a renormalized spin taking value in a finite state space 
with each Aif^ a copy of the same finite set M.q . We assign the normalized non- 
negative kernel T £ (a Qe ^,mi) with a Qe ^ G <S> x eQ e (i) * x and mi E M-f* . Given a Gibbs 
measure (w.r.t. an absolutely summable potential, for instance a finite range potential) 
\i on X, the renormalized measure on the renormalized space M.^ = ® ieC (i) Mf is 
defined by its finite dimensional distributions 

^(M W : Mf =m v )=Y, ■ VA = <t) Y[T t {a Q M,mi) 

o-ex A iev 

where V is a finite subset of A := [j ieV Qt(i), X\ := &) xeA X x , and m v G My := 
(^) i6 y M\ ■ We shall write = Tg/j,. For the usual choices of the kernel, the semigroup 
property holds, namely T{Tgi = T U i. 

An easy example is the decimation transformation where Adf = Xi, for all % G CS l \ 
and Tf ec {aQ t {i), mi) = 5{ai — mi); m^ with i G are the "surviving spins." Another 
important example is the Block Averaging Transformation (BAT) that we discuss in the 
case X := {-1, +1}: for each i G £ w the single renormalized spin configuration space is 
M f = {-£ d , -£ d + 2,..., +£ d } and (a Qe(i) , mi) = s[ E. 6QfW ^ " m ) ■ 

Theoretical reasons and many applications lead us to analyze the map on the po- 
tentials induced by the map Ti that was defined on infinite volume Gibbs measures. A 
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preliminary condition is that the renormalized measure is Gibbsian in the Dobrushin- 
Lanford-Ruelle sense i.e., its conditional probabilities have the Gibbs form with respect 
to an absolutely summable potential that we call renormalized potential [TC)ll2"3] . Another, 
hopefully equivalent, approach consists in defining at finite volume a map acting directly 
on the Hamiltonians in the following way. Given a box V CC let A := [J ieV Qe(i) be 
the corresponding box in £, X\ := = { — 1, +1} A , and —H\ the energy of the object 
system, we write 

where we have included in H the inverse temperature. Now the problem is to extract 
the potential from the renormalized Hamiltonian H^p via a procedure still having a sense 
in the thermodynamic limit. For this purpose a crucial role is played by the so called 
constrained systems i.e., the object system conditioned on some fixed renormalized spin 
configuration. Given a renormalized spin configuration m G Aiy , the constrained mea- 
sure in A is defined by: 



U) i x i&V 



o-SA'a i&V 

Note that the configuration m plays the role of a parameter. In the case of the decimation, 
H m A is nothing but the original Gibbs measure in the volume obtained by removing from 
A the set V of the surviving sites, conditioned to the configuration m on V. 

As it has been shown in many examples, see [20] , it may happen that is not Gibb- 
sian. Typically this pathology manifests itself as violation of quasi-locality, a necessary 
condition for Gibbsianity. More precisely, quasi-locality is a continuity property of the 
conditional probabilities consisting in a weak dependence on very far conditioning spins, 
see [2U] for more details. This violation of quasi-locality, in turn, is often a consequence of 
a first order phase transition of a constrained model corresponding to a particular renor- 
malized configuration m. On the positive side, to avoid the pathology of non-Gibbsianity, 
we need absence of phase transitions, in a very strong sense, of the constrained model 
for all possible values of m. For instance when the object system is in the high temper- 
ature regime, the usual perturbative expansion for the constrained models is sufficient to 
compute the renormalized potentials, see [H|271[29]. However, in order to get close to the 
critical point, certainly we have to use other, more powerful, perturbative theories. 

We discuss, now, these different perturbative theories in the concrete case of systems 
above their critical temperature T c . Usual high temperature expansions work only for 
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temperatures T sufficiently larger than T c ; they basically involve perturbations around a 
universal reference system consisting of independent spins: all interactions are expanded 
treating every lattice system in the same manner. In [371138] another perturbative expan- 
sion has been introduced, around a non trivial model-dependent reference system, that 
we call scale-adapted expansion. The small parameter is no more — 1/T but, rather, 
the ratio between the correlation length (at the given temperature T > T c ) and the length 
scale L at which we analyze our system. The geometrical objects (polymers) involved in 
the scale-adapted expansion live on scale length L whereas in the usual expansions they 
live on scale 1. Of course the smaller is T — T c the larger has to be taken the length L. 

A similar situation occurs for low temperature Ising ferromagnets at arbitrarily small 
but non zero magnetic field h. Now we have another characteristic length, beyond the 
correlation length, the critical length which is of order 1/h; it represents the minimal size 
of a droplet whose growth is energetically favorable and, at the same time, the minimal 
length required to screen the effect of a boundary condition opposite to the field. Thus 
in the part of the bulk far apart from the boundary more than the critical length, we see, 
uniformly in the boundary condition, the unique phase with magnetization parallel to the 
field. Also in this case of low temperature and not vanishing magnetic field we have to 
look at our system on a scale length L sufficiently larger than the critical length (at low 
temperature and h ^ the correlation length is of order one). 

The scale-adapted expansions are based on a suitable finite size condition saying, 
roughly speaking, that if we look at the Gibbs measure in a box of sufficiently large side 
length L, then, uniformly in the boundary conditions, the correlations between observables 
localized at distance of order L are smaller than L -2 ^ -1 ). It is proven in [371138], that, 
for general short range lattice systems, assuming this finite size condition, it is possible 
to construct a convergent cluster expansion implying, in particular, exponential decay of 
correlations for any volume A (finite or infinite) given as disjoint union of L-boxes, with a 
decay rate independent of A. We call this decay property strong mixing. Such a property 
implies uniqueness of the infinite volume Gibbs measure, we refer to [33j|37J|38] for more 
details. In some cases, like the two-dimensional standard Ising model, strong mixing has 
been proven in the whole uniqueness region [351 HO] . 

Starting from a strong mixing condition for the measure jdm , uniform in the renor- 
malized configuration m, it is possible to prove, using the scale-adapted perturbative 
expansion, the Gibbsianity of v™> by explicitly computing the renormalized potentials as 
convergent series, [2}[28]. In the particular case of BAT the condition on the constrained 
model can be deduced from a strong mixing property of the original model by using a 
strong form of the equivalence of ensembles [2j[9]. 
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The philosophy behind the use of scale-adapted expansions to study RG maps is that 
one first fixes the thermodynamic parameters and consequently chooses the renormal- 
ization scale £. It may happen that for a given scale £ and for particular values of the 
thermodynamic parameters a RG map is ill defined but, keeping fixed the thermody- 
namic parameters, provided one chooses a larger renormalization scale £, the pathology 
is removed. This is exactly the case when the decimation transformation is applied to a 
two-dimensional standard Ising model away from the coexistence line. In [20] it is proven 
that for any decimation scale £ there exist values of /3 and h such that the renormalized 
measure vjpff ec is not Gibbsian. On the other hand, as shown in [M], given (3 and h induc- 
ing the pathology for £, the renormalized measure v^tf ec is Gibbsian provided the scale £ 
is chosen sufficiently large. It is also shown that the renormalized potential converges to 
zero as £ goes to infinity. In [2] this philosophy has been embraced to analyze the block 
averaging transformation on scale £. In particular, for the two-dimensional standard Ising 
model at any T > T c and arbitrary h, the Gibbsianity of the renormalized measure v^p^ 
is proven for £ large enough. Moreover the renormalized potential converges, in a suitable 
sense, to the expected trivial fixed point as £ goes to infinity. In order to perturbatively 
study convergence properties of the iterates of the renormalization group maps, even far 
from criticality, the use of scale-adapted expansions on increasing scales appears therefore 
very natural. 

We mention that there is a stronger notion of strong mixing, called complete ana- 
lyticity, originally introduced for general short range lattice systems by Dobrushin and 
Shlosman in [I3J[T5] before J37J|38]. It consists of the exponential decay of correlations 
for all finite or infinite domains A (of arbitrary shape). Dobrushin and Shlosman also de- 
veloped a finite size condition that involves all the possible subsets of a given sufficiently 
large box and not just the box itself like [33]. We emphasize that in their approach there is 
no minimal scale length. On the other hand, the scale-adapted perturbative theory gives 
rise to a notion that has been called restricted complete analyticity or complete analyticity 
for regular domains; here "regular" means "multiple" of a sufficiently large box. 

The standard Ising model for (i) d — 2 outside the closure of the coexistence line, (ii) 
d = 3, h ^ 0, and T <C T c , provides two examples where there is a diverging characteristic 
length as T — > T c and — ^ respectively. In both cases restricted complete analyticity 
has been proven whereas complete analyticity in Dobrushin and Shlosman's sense has not 
yet been proven in the case (i) and actually disproven in the case (ii) [33],[35lll0]. We 
finally note that an interesting direct proof of restricted complete analyticity, starting 
from a finite size condition similar to the one in [371138], has been established in [31] 
without the use of cluster expansion. 
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The physical interest of the above discussion in connection with RG maps lies in the 
possibility of well defining a renormalization map for potentials close to their critical 
point. Actually, it is believed that even if the object system is critical it may happen 
that the constrained systems are in the one phase, weakly coupled regime, so that the 
renormalized potential is still well defined, see [T|[T2|l28j. 

Let us go back to the discussion of the possible pathology of non-Gibbsianity. It 
frequently happens that the renormalized configuration m inducing non-Gibbsianity, via 
violation of quasi locality, is very atypical with respect to renormalized measure It 
is then natural and physically relevant to introduce a weaker notion of Gibbsianity by 
requiring that conditional probabilities are well behaved only v™> almost surely. More 
precisely weak Gibbsianity of means the following: there exists a "good set" A^w q 
with i>( e ' (M.w) = 1, such that for m G Jw® the conditional probabilities of the 
measure have the usual Gibbs form with respect to a potential {$j }/ C ocW> • 
Aif — > K, satisfying the pointwise absolute summability: for each i G and m G 
we have ^ /3i \ &f\mi)\ < oo, but not the usual uniform absolute summability namely, 
su Pie£M su Pm 7 GA4 (£) \ i ( mi )\ < 00 • The idea of looking at the weak Gibbs property 
goes back to Dobrushin [13]. It has subsequently developed in [17] and in many other 
papers, see for instance [7J[36]- The main point of weak Gibbsianity is the construction 
of the set AA^ of full measure. The key property is that for m G the "bad 

situations," giving rise to long range correlations in /i™, are very "sparse" namely, larger 
and larger bad regions are farther and farther apart. 

We discuss the block averaging transformation: it is known [20] that the BAT renor- 
malized measure for the Ising model at low temperature is non-Gibbsian because of 
violation of quasi locality induced by the configuration m, = for all i G C^>. It is clear 
that any constrained system and in particular the one corresponding to m, = does not 
depend at all on the value of the magnetic field h. On the other hand if h ^ the config- 
uration mj = is very unlikely with respect to the renormalized measure v™\ Therefore, 
with high z^-probability, the regions with m 8 = are very sparse; however, with proba- 
bility one there are arbitrarily large regions with bad magnetization m ; = 0. Inside these 
regions the situation described by the constrained measure n m is close to a first order 
phase transition with long range order. This prevents the good, Gibbsian, behavior of 
the conditional probabilities of as well as the estimates of the renormalized potential, 
uniform in the renormalized conditioning configuration m. In contrast, it is reasonable to 
expect weak Gibbsianity of the renormalized system, indeed this is proven in [5]. 
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1.2. Disordered systems and Griffiths' singularity 

The above scenario, leading to the replacement of the notion of Gibbsianity with the one 
of weak Gibbsianity, shares common features with disordered systems in presence of the 
so called Griffiths' singularity. 

Let us consider the case of high temperature Ising-like spin glasses. They are described 
by the following formal Hamiltonian 

H ( a ) = -^2-Jx, y o- x a y - h^a x , (1.1) 

x,y x 

where a x G { — 1,+1}, J X)V , for all x, y G £ = Z d , are i.i.d. random variables, and h G 
R. For the sake of simplicity we further specify the model by assuming J XjV = for 
\x — y\ 7^ 1 and J XjV ~ Af(0, 1), namely J x>y are Gaussian independent random variables 
with mean zero and variance one. We denote by jj,^ the Gibbs measure corresponding 
to the Hamiltonian ( 11. II) . The "typical" (with respect to the disorder) interaction energy 
between neighboring spins is of order one so that for small inverse temperature (3 our 
random system is in the weak coupling regime. However, with probability one there are 
arbitrarily large regions where the random couplings J x ^ y take large positive values giving 
rise, inside these regions, to the behavior of a low temperature ferromagnetic Ising system 
with long range order. For a similar case, the one of a low temperature ferromagnetic 
diluted Ising system, it has been shown, see [26JII1], that the infinite volume specific free 
energy is infinitely different iable but not analytical in h. This is a sort of infinite order 
phase transition called "Griffiths' singularity" . 

For a high temperature spin glass with unbounded random couplings a similar behavior 
is expected. We also expect exponential decay of correlations with a non-random decay 
rate but with a random unbounded prefactor. More precisely, let us denote by Q the 
collection of all J := { J xy , x,y G C, \x — y\ — 1}; in the above conditions we expect that 
there exist m > and a set Cl C f2 of full measure such that for each JeO, there exists 
a positive real C (J) such that the spin correlations have the following bound 

\^ J) (a x ;a y )\ < C(J) exp{-m|x - y\} (1.2) 

There are several approaches to the analysis of disordered systems in the above regime, 
let us just quote the two papers [19l[2T]. In [19] it is proven, via a very elegant method 
which does not use cluster expansion, that ( II ,2p holds for some C(J_) having bounded 
expectation. Although the case of high temperature spin glass is covered, there are some 
restrictions on the applicability of this method and the set of full measure where C(J_) is 
bounded is not explicitly constructed. In [2T], that appeared several years before (TS], a 
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more powerful and more widely applicable method is presented, involving a graded cluster 
expansion. The set of full measure is explicitly constructed via a multi-scale analysis 
similar to the one introduced in [22] to study the Anderson localization. It emerges from 
the analysis developed in [21], based on a hierarchy of "scales of badness" that, with high 
probability, larger and larger bad regions are farther and farther apart and the largest 
scale of badness seen close to the origin is finite. The theory developed in [21] gives rise 
directly to estimates valid with probability one and requires very mild assumptions on 
the probability distribution of random couplings. 

1.3. A graded cluster expansion 

To analyze disordered systems close to criticality and the weak Gibbs property of renor- 
malized measures, we need a graded cluster expansion based on a scale-adapted approach. 
The graded cluster expansion that is developed in the present paper is in the same spirit 
as the one in [21]; we point out briefly the main differences, (i) Whereas in [21] the first 
step (on the good region) is on scale one (e.g. high temperature/large magnetic field), 
our first step uses instead a scale adapted expansion. This allows to treat, in dimension 
two, Ising systems arbitrary close to the coexistence line, (ii) The recursive classification 
of the bad regions is somewhat different. In [21] three recursive conditions are imposed: 
on the diameter, on the volume, and on the inter-distance. We instead require only 
the diameter and inter-distance conditions. The relative probability estimates, proving 
that such a classification can be obtained with probability one with respect to the disor- 
der [5] , can be easily derived in a general setup by a method analogous to that introduced 
in [18]. (iii) In [21] the polymerization of the spin system is a preliminary step made on 
the whole lattice, the relative cluster expansions are then carried out recursively; we per- 
form recursively both the polymerization and the cluster expansion, (iv) We abstracted 
the relevant model independent assumptions for general finite state space, finite range 
spins systems. Accordingly, the graded cluster expansion is developed with respect to a 
non-trivial reference measure. 

Let us describe a possible application of our graded cluster expansion to disordered 
systems. Consider the case of small random perturbations of a ferromagnetic system at 
a given temperature larger but arbitrarily close to the critical value. To be concrete con- 
sider a ferromagnetic two dimensional Ising system with zero magnetic field and coupling 
constants given by i.i.d. random variables for different bonds with distribution 



Fix a temperature T slightly larger than the critical value T c corresponding to a determin- 




1 with probability 1 — p 
J with probability p 



(1.3) 
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istic system with coupling constant one. To our knowledge the above described situation 
has never been studied in the literature. We expect the following result [I]: given T > T c 
there exists p > such that for any arbitrarily large Jo ^ +00 we can construct a conver- 
gent graded cluster expansion implying, in particular, the decay property (11.21) . We also 
mention that, adapting the methods in [51] . an effective finite size condition involving the 
quenched expectation of correlations can be obtained [32j . 

It is also clear that, when studying weak Gibbsianity of renormalized measures, in 
order to compute renormalized potentials as convergent series, we need a complete theory 
based on graded cluster expansion since the methods developed in [19], which avoid the 
use of cluster expansion, are not sufficient for this purpose. On the other hand it is 
also clear that if we want to study weak Gibbsianity only assuming strong mixing, in 
particular for systems close to criticality and/or to study convergence properties of the 
iterates of RG maps, we need to consider a graded cluster expansion whose first scale is 
not one but, rather, depends on the parameters. In [5] we study the BAT transformation 
only assuming strong mixing of the object system. In the framework of a graded cluster 
expansion, with a sufficiently large minimal scale length, using scale-adapted expansion to 
treat the first step of the hierarchy, we establish the weak Gibbsianity of the renormalized 
measure. Moreover we show, in a suitable sense, convergence to a (trivial) fixed point of 
renormalized potential as the RG scale £ goes to infinity. Our results apply to the two- 
dimensional Ising model in the uniqueness region i.e., for h ^ or h = 0, T > T c and, in 
particular below T c where non-Gibbsianity has been proven in [20]. At the moment, we 
are not able to cover the case h = 0, T < T c . 

In [36] as well as in [7] the authors establish weak Gibbsianity for measures arising 
from the application of general decimation transformations to a low temperature Ising 
or Pirogov-Sinai system. They have to analyze constrained systems on arbitrarily large 
scales but they have to choose a sufficiently low temperature and their minimal length 
is of order one. Therefore their methods work only very far below the critical point. 
In both papers the authors first fix the scale i of RG transformation and then choose 
a sufficiently low temperature. In particular they both have to choose lower and lower 
temperatures starting from larger and larger RG scales. This behavior is not in agreement 
with the general RG philosophy. In [39] this anomaly is fixed, as it is shown that at a 
given sufficiently low temperature is enough to get weak Gibbsianity for all large enough 
scales. This approach is still based on a low temperature expansion and it is neither suited 
to approach the critical point nor to study convergence properties of the iterates of RG 
maps. 
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1.4- Synopsis 

In the present paper we construct the graded cluster expansion that will be used to treat 
weak Gibbsianity for the block averaging transformation [5] and disordered systems in 
the Griffiths' phase jl]. Here there is no random disorder in the interactions; however, we 
suppose deterministically possible to analyze the bad interactions on suitable increasing 
scale lengths. We treat iteratively the regions of increasing badness and prove convergence 
of the expansion on the basis of suitable assumptions on the potential in the good region 
and sufficient "sparseness" of bad regions. In [5] we prove that, with probability one with 
respect to the disorder or to the renormalized spin configuration, the situation is the one 
deterministically assumed in the present paper. 

The assumption that the system is weakly coupled on the complement of the bad region 
of the lattice namely, the good part, is here formalized by the following assumption. Let 
A be a finite subset of the good region and Z/^(a) be the partition function in A with 
boundary condition a. We assume 



where the effective potential Vx,a satisfies the following conditions: 

(a) given a finite subset X C Z d the functions Vx,a are constant w.r.t. A for the sets 
A with a fixed intersection with X; 

(b) the functions Vx,a have a suitable decay property w.r.t. X uniformly in A and a. 

The expression (11.41) can be obtained via cluster expansion in the weak coupling (high 
temperature and/or small activity) region but it also holds in the more general situation of 
the scale-adapted cluster expansion discussed before. In the latter case it holds provided 
the volume A is a disjoint union of cubes whose side length equals the scale L of the 
expansion. We also note that (11.41) implies one of the Dobrushin-Shlosman complete 
analyticity conditions [16] namely, Condition IVa, see [3] . In the applications we discussed 
above condition ( j 1.4ft will be derived via a scale-adapted cluster expansion and therefore 
it will hold only for volumes A which are disjoint unions of cubes whose side length equals 
the scale L of the expansion. However, by rescaling the lattice and redefining the single 
spin state space we reduce to the case in which (11.41) holds for any finite subset A of the 
good region, which is the basic assumption of the present paper. 

The main result concerns an expression, similar to (11.41) . of the logarithm of the 
partition function on a generic finite subset of the whole lattice, possibly intersecting its 
bad region. Its characteristic feature, with respect to a usual low activity expansion, is 




(1.4) 
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that here polymers are geometrical objects living on arbitrarily large scale. This rules out 
the possibility to prove analyticity of the infinite volume free energy but would allow to 
prove infinite differentiability and exponential tree decay of semi-invariants [3] with an 
unbounded prefactor as it is typical of Griffiths' phase. The proof is achieved by using 
condition (jl.4p to integrate over the good region and by using the multi-scale geometry 
of the bad regions to recursively compute the effective interaction among them, i.e. to 
recursively integrate over the bad spins. 

This paper is organized as follows: in Section [2] we introduce the model and state our 
results in Theorems 12.51 and 12.61 The latter, whose proof is based on the cluster expansion 
of the logarithm of the partition function provided by the former, states the exponential 
decay of the semi-invariants for suitable local functions. The proof of Theorem 12.51 is 
achieved via the graded cluster expansion whose basic setup is introduced in Section [31 
there we also state the related technical result in Theorem 13.21 whose proof is split into 
two parts: the algebraic structure of the computation is provided in Section HI while all 
convergence issues are discussed in Section |5j The proof of Theorem 13.21 is completed at 
the end of Section [H The Theorems 12.51 and 12.61 are finally proven in Section [6j 

2. Notation and results 

In this Section we introduce the general framework, define precisely the model we shall 
consider, and state our main results. Given a, b G R we adopt the usual notation a A b := 
min{a, b} and a V b := max{a, b}. Given a set A we let \A\ be its cardinality. 

2.1. The lattice 

For x = (xi, ■ ■ ■ , Xd) G M. d we let |a;|i := Ylk=i \ Xk \ anc ^ M°° := su Pfc=i,---,rf \ Xk \- ^ ne s P a tial 
structure is modeled by the <i-dimensional cubic lattice L := Z d in which we let e^i — 
1, . . . , d be the coordinate unit vectors. We use X c := L \ X to denote the complement 
of X C L. We use X CC L to indicate that \X\ is finite. On L we consider the distances 
di(x, y) := \x — y\\ and d^x, y) := \x — y\oo for x, y G L. As usual for X, Y C L we set 
di(X,F) := inf{di(x,y), x G X, y G Y}, d^X.Y) := inf{doo(x, y), x G X, y G Y}, 
diami(X) := sup{di(x, x'), x,x' G X}, and diamoo(X) := sup{doo(x, x'), x,x' G X}. 
Moreover, given r > 1 and X C L we let d r X := {x X : d oc (x, X) < r} be the 
r-external boundary of X and X := X U d r X be the r- closure of X. 

For x G L and m a positive real we let Q m (x) := {y G L : Xi < yi < Xi + (m — 
1), V? = 1, . . . , d} the cube of side length m with x the site with smallest coordinates and 
B m (x) := {y G L : di(y,x) < m} the ball of side length 2m + 1 centered at x. We shall 
denote Q m (0), resp. B m (0), simply by Q m , resp. B m . For each X CC L we denote by 
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Q(X) CC L the smallest parallelepiped, with axes parallel to the coordinate directions, 
containing X. 



2.2. The configuration space 

For some applications, for instance the block averaging transformation, we have to deal 
with systems in which even the single spin space is not translationally invariant. We 
introduce the basic notation. We suppose given a collection of strictly positive integers 
S x , x Eh, such that S := sup^. S x < +00. The single spin configuration space is given by a 
finite set S x , \S X \ = S x +1, where x G L. We identify S x with {0, 1, . . . , S x } which we endow 
with the discrete topology. The configuration space in A C L is 5a = «S(A.) := ® x& kS x . 
Finally, the configuration space in L is S := ® x£ hS x , equipped with the product topology. 
Elements of S, called configurations, are denoted by a, r, rj, . . . . The integer a x = o~(%) 
is called value of the spin at the site x. For A C L and a G S we denote by a a the 
restriction of a to A. We denote by T the Borel a-algebra of S and, for each A C L, we 
set J- \ := a{a x , x G A} C T . 

Let m be a positive integer and Ai, . . . , A m C L be pairwise disjoint subsets of L; if 
Cj G Sa^ i = 1, • • • , m, we denote by o\Oi • ■ ■ a m the configuration in SA x \j-uk m given by 
cri^2 ■ • • o- m (x) := YT=i ^eAi}^^), x G Ai U ■ ■ • U A m . 

A function / : S — > R is called a local function if and only if there exists A CC L such 
that / G J-~a, namely / is J^-measurable for some finite set A. For / a local function 
we shall denote by supp(/), the so called support of /, the smallest A CC L such that 
/ G Ta- If / G Ta we shall sometimes misuse the notation by writing /(<ta) for /(er). For 
/ G T we let || /" || oo := sup CT£iS |/(a)| be the sup norm of /. 

2.3. The Gibbs state 

A potential U is a collection of local functions on S labelled by finite subsets of L, namely 
U := {Ux G Fx, X CC L}. We shall consider finite range potential i.e., there exists a 
real R > 0, called range, such that Ux = if diam^X) > R. We, finally, introduce the 
norm \\U\\ := sup xgL ^ X9l . ||t/x||oo- In the sequel we shall always understand that the 
real r appearing in the definition of the boundary d r X of X C L is chosen so that r > R. 
We remark that we do not require the potential to be translationally invariant. 
Let A CC L, a G S and consider the Hamiltonian 



In this paper we shall consider only finite volume Gibbs measures defined as follows: let 
t G S, the finite volume Gibbs measure /x A , with boundary condition r, is the probability 




(2.1) 
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measure on Sa given by 



1 



exp{+if A (o- A r A c)} 



(2.2) 



where Za G J r A c , called the partition function, is the normalization constant. Note that 
we have defined the Gibbs measure with a sign convention opposite to the usual one. 

2.4. All's well... 

Our aim is the computation of the partition function Z\(r) under the hypotheses that the 
Gibbs random field is weakly coupled only on a part of the lattice, that will be called good 
and denoted by Go, under suitable geometric conditions on such Go- We shall assume 
the system admits a convergent cluster expansion in Go with a suitable tree decay of the 
effective potential among the spins in L \ Go and resulting from the integration in Go- 

Let E := {{x,y}, x,y G L : di(x,y) = 1} the collection of edges in L. Note that, 
according to our definitions, the edges are parallel to the coordinate directions. We say 
that two edges e, e' G E are connected if and only if e D e' 7^ 0. A subset (V, E) C (L, E) 
is said to be connected iff for each pair x, y G V, with x 7^ y, there exists in E a path 
of connected edges joining them. We agree that if \V\ = 1 then (V, 0) is connected. For 
A CC L we then set 



Note that T(A) = if \X\ = 1. We remark that for each x, y G L we have T({x,y}) = 
di(x,y). 

Condition 2.1. Given Go C L, we assume that for each A CC L and a G S we have the 
expansion 



Moreover, the effective potential Va := {Vx,a, An A 7^ 0} can be bounded as follows: there 
are reals a > and A < 00 such that 



T(A) := inf {\E\ , (V, E) C (L,E) is connected and V D A} 



(2.3) 




r?eS(AnGo) xnA^0 



/or suitable local functions Vx,a '■ S — > R satisfying the following properties 
1. given A, A' CC L i/ A n A = A n A' then V x ,a = V x ,a>; 

2- Vx,A G ^ r xn(AnG ) c / 

5. Vx, A = i/ln (A)V0- 




(2.5) 
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We recall that our aim is to cluster expand logZA(r) with AccL and r 6 S. Given 
A CC L, we first apply (12. 4p to the configuration <J\T\c and then we integrate on the 
variables 0"A\(AnGo)- 

2.5. . . . or sparse . . . 

We shall not make any assumption on the behavior of the Gibbs field on the complement 
of the good part, namely the bad part of the lattice B := L\Go, but we shall require that 
the bad sites are sparse enough. We start from the partition L = Go U Bo of the lattice 
in good and bad sites. Although such a sharp classification seems to be the reason for the 
never ending popularity of most American movies, it is not sufficient to our purposes. Let 
us forget about the good sites and look more closely at the bad ones. Some of them are 
not really bad, they are just bad guys far away from all the other bad sites (only close 
enough bad individuals form a dangerous gang). We are not really allowed to call such a 
behavior bad and we say they are gentle (more precisely 1- gentle). We next forget also 
about the 1- gentle sites and look at the remaining ones, which we call 1-bad. Even among 
them some are not so bad, after all. Maybe we have just a small group of bad guys very 
far away from all the 1-bad sites; those are called 2- gentle. Proceeding in such a way 
we construct a multi-scale classification of the sites and we also suppose a happy ending: 
there are no oc-bad guys. We formalize the above discussion in the following Definitions. 

Definition 2.2. We say that two strictly increasing sequences T = {Tj}j>o and 7 = 
{7j}j>o are steep scales iff they satisfy the following conditions: 



1. T = 0, 70 > 0, r\ > 2, 71 > r > R, and Tj < "fj/2 for any j > 1. 



j 



2. For j > set := ^^(1^ + 7$) and A := infj>o(rj-+i/i?j); then A > 7. 



i=0 



3. We have — < - where we understand To/7o = even in the case 70 = 0. 
It is useful to remark that from items [2] and [3] above we get that 





for any j > 



(2.6) 



Indeed, from item [2] it follows jj < Tj+i/X] hence for j > 1 we have 




) 
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Remark 2.3. We note that the Conditions^ and [3] in the above definition, force a su- 
perexponential growth of the sequences V and 7. It is easy to show that, given (3 > 
9 V (4/9) log(8r), the sequences T = 70 := 0, 

T k := e^+DW and lk := l -e^ k+1 for k > 1 (2.7) 

provide an example of steep scales. 

Definition 2.4. We say that Q := {Qj}j>o, where each Qj is a collection of finite subsets 
of L 7 is a graded disintegration of L iff 

1. for each g G Uj>o @j there exists a unique j > 0, which is called the grade of g, such 
that g G Qj; 

2. the collection {Jj >0 Gj of finite subsets of h is a partition of the lattice L namely, it 
is a collection of not empty pairwise disjoint finite subsets o/L such that 

U U 9 = L- (2-8) 

Given Go C L and r, 7 steep scales, we say that a graded disintegration Q is a gentle 
disintegration o/L with respect to G ,r,7 iff the following recursive conditions hold: 

3. g = {{x}, x e Go}; 

4- if 9 £ Qj then dianii(o) < Tj for any j > 1; 

5. set Gj := U 9 gg 5 C L, Bj := L \ Go and Bj := Bj-_j \ Qj, then for any g G Qj we 
have di (flf,Bj_i \ 0) > 7,- /or any j > 1; 

5. /or eac/i x G L we have k x := sup {j > 1 : 3g G ^ swca that doo(x, Q(g)) < $j} < 
00, where we recall Q(g) has been defined at the end of Section \2.1[ 

Sites in Gq (resp. ~B ) are called good (resp. badj; similarly we call j -gentle (resp. j-bad) 
the sites inGj (resp. Mj). Elements ofQj, with j > 1, are called j -gentle atoms. Finally, 
we set Q>j := |Ji>j Q%- 

For G C Q>o we define G := [J geG g C L; note that Qj = Gj and {g} = g. Given the 
integers j > 0, s > and GCC Q>j, such that G D Qj 7^ 0, we define 

y a (G) :={iGL: doo(x, Q(G)) < + s} (2.9) 
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Moreover for each s > we set y s (G) := F s (G)\F s _i(G) where we understand = 0. 

2.6. ... that ends well 

As discussed before, our aim is to prove that, under Condition 12.11 on the good part of 
the lattice and the sparseness condition formulated in Definitions 12.21 and 12.41 of the bad 
part of the lattice, the system admits a convergent cluster expansion. We set 

Ad 
9(44)V d ' 

where we recall a and A are the parameters in Condition 12.11 



« : =7T777^ <? := ^> and ^ := {r^( 1 + ^ l0gA )} V ° ( 2 - 10 ) 



Theorem 2.5. Suppose Condition \2.1\ holds with a > and A < +oo for some Go C L. 
Assume also that for such G there exist steep scales 7, T and a gentle disintegration Q 



o/L with respect to Go,T,7 as in Definition \2.4\ Finally assume the scales F, 7 are such 
that 

1. we have I\ > max{4(l + log 3) /a, (8d) 3 /(2a)}; 

2. we have A(Tj + l) d e - a ^ /4 < 1 for any j > 1; 

8c? 1 a; 
5. we have ^ -^-^ < -; 

3=1 '3 

/ ■ \ 3/2 

^. /or eac/i j > 1 we have 7j > ( ^ J a 1 ^ 2 - 

Then, for each I,AccL there exist functions *&x,A, &x,a £ J r xnA c such that the follow- 
ing statements hold. 

1. For each A CC L we have the totally convergent expansion 

logZ A (r)= [*x,a(t) + $x,a(t)] (2.11) 

£. Lei A, A' CC L, for each X CC L such that X (7 A = X n A' we /lawe i/ia£ *x,a = 
*x,A' and $ X ,A = $X,A'- 

3. Let X, A CC L, z/diam oc (A A ) > and there exists no g G £/>i sitc/i #ia£ Yo(flO — X 
then \&x,a = 0. Moreover for each x Eh, recalling the integer k x has been introduced 
in item{B of Definition\2.4, 



SU P ll*A,A||oo<A+^.(r^ + l+2^J M [log 1 S+||f/||+A; :l .(lVA)(8 d + l)] (2.12) 



X9x ACCL 
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4- We have 

^ ^diam^X) gup ll^l^ < e -a + e -^7l (2d) j (2.13) 



sup 

xgL t^T ACCL 



Remark. We note that for /3 large enough, depending on A and a, the steep scales defined 
in Remark 12.31 do satisfy items [THU in the hypotheses of Theorem 12.51 

We next discuss the exponential decay of correlations which will be a simple conse- 
quence of the expansion in Theorem 12.51 We stress that the decay of correlations cannot 
hold for all pairs of local functions; for instance, if their supports are contained in the 
same gentle atom, a possible long range order inside the atom itself could prevent such a 
decay. Our result essentially states the exponential decay of correlations except for such 
a case. In order to state this result we need few more definitions: let A CC L, n > 2 an 
integer, fi, . . . , f n local functions such that supp(/j) C A for i — 1, . . . , n, t±, . . . , t n G R, 
and r G 5; we define 

n 

Z a (t; t x ,...,t n ) ^^(expjj^/i}) (2.14) 

i=l 

The semi-invariant of fx, ■ • • , fn with respect to the finite volume Gibbs measure is 
defined as 

<9 n logZ A (r;ti, ...,t n 



maCA; ' " ) fn) : ~- 



dtx ■ ■ ■ dt r 



(2.15) 

tn=0 



note that for n = 2 we have fi\(fx', fi) = Ma (A A) ~~ Ma (/i) Ma (A) namely, the covariance 
between /i and fi- Let us denote, moreover, by (V n , E n ) the graph obtained from (L, E) by 
contracting each supp(/j), i — 1, . . . , n, to a single point namely, V„ := [E\|J" =1 supp(/j)]U 

T(f\;...;f n ) :=inf (V, -B) C (V„,E n ) connected and V D |J{supp (/,)}} (2.16) 

i=i 

Theorem 2.6. Suppose the hypotheses of Theorem \2.5\ are satisfied. Let n G N and 
fx, . . . , f n local functions such that the following conditions are satisfied: 

1. for each i ^ j G {1, . . . , n} we have di(supp(/j), supp(/j)) > r > R; 

2. for each i ^ j G {1, . . . , n} there is no g G Q>\ such that Y (g) D supp(/i) ^ and 

r o (^nsu P p(/,)^0. 
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Then, there exist a real M = M(A, a, d, n; | supp(/i)|, . . . , | supp(/„)|) < +00 such that 

n 

|/4(/i;...;/n)| <MljA*X(l/il) exp{--^ I T(/ 1 ;...;/ re )} (2.17) 

i=i 

for any r G S and any AccL such that A D supp(/j), i = 1, . . . , n. 
3. The graded cluster expansion 

In this section we introduce our main technique, the graded cluster expansion, and state 
the related abstract results. It will be convenient to introduce the following notion. 

Definition 3.1. Given X, V CC L and the family F := {/a : S — > R, A CC L}, we say 

that F is (X, V) -compatible iff 

1. for each A, A' CC L we have that X D A = X fl A' implies /a = /a'/ 

2. the function f\ is J r ^xr\\ c )vjv^ measura ^ e - 

In other words the family {/a, A CC L} is (X, ^-compatible if and only if f\ does not 
change when A is varied outside X and it depends only on the configuration inside V and 
the part of X intersecting A c . 

We suppose that Q, as in Definition I2.4[ is a gentle disintegration of the lattice L with 
respect to G ,r, 7. We recall that a j-gentle atom g G Qj is a finite subset of L. If 
G CC Q>\ by \G\ we always mean the cardinality of G as a subset of Q>\ i.e., the number 
of elements g G Q>\ in G. On the other hand, if g G Q>\ then \g\ denotes the cardinality 
of g as a subset of L, but note that \{g}\ = 1. The building bricks of our polymers are 
finite subsets of Q>\. From now on s will always denote a positive integer. 

Given X CC L we let £(X) be the collection of the gentle atoms intersecting X 
namely, 

£(X) :={ 9 6fci:!?nl^} CC Q> x (3.1) 

At scale j the relevant notion of connectedness is the following. Given G, G' C Q>j 
we say they are j -connected, and write G G' , iff G fl G' fl Qj ^ 0. A system 

Cri, . . . ,Gk with G/j C is said to be j -connected iff for each h, hi G {1, . . . , k} there 
exist /ii, . . . , h m G {1, . . . , k} such that Gh = G/ tl ^-j- G^ 2 ■ ■ ■ Gh m = Gy. We 
are now ready to define the polymers at scale j namely, we set 

K3 '■= Ufc>i {{( G u si), • • • , (G fc , s fc )}, where G h C ^>j, s fe > 0, 2 ^ 
for /i = 1, . . . , k, and the system Gi, . . . , G& is j-connected} 
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Elements of TZj will be called j-polymers. Given a j-polymer R = {(Gi, s±), . . . , (Gk, Sfc)} 
and i > j we set R \ { := \J h=1 G h n Q { CC Gi and R \>i := (J^. -R N' cc We also 
introduce the support of the polymer 

it 

sup Pj R:=yy s „(G fe ) CCL (3.3) 

We remark that a set G C G>\, with \G\ = n > 1, can be viewed as an n-body link, while 
G = {g}, with g G G>i corresponds to one body. A pair (G, s) has to be thought as a pair 
made of the link G and the parallelepiped Y S (G). The latter represents an "s-extended" 
support of the bond G. Thus the bricks of a polymer R namely, the pairs (Gh, Sh), can be 
viewed as the parallelepipeds Y Sh (Gh) whose connectedness properties rely only upon the 
links Gh- The support of the polymer R, on the other hand, whose interest will become 
clear in the sequel, is defined as the union of the s^-extended supports Y Sh (Gh)- 

Given two j-polymers R,Se TZj we say they are j -compatible, and write i?compj S, 
iff R \ j n S \ j = 0. Conversely we say that R, S are j -incompatible, and write Rincj S iff 
they are not j -compatible. We say that a collection R = {Ri, . . . , Rk}, where Rh G Hj, 
for h — 1, . . . , k, of j-polymers forms a cluster of j-polymers iff it is not decomposable 
into two non empty subsets i? = i?i U i? 2 such that every pair Ri G R 1 , R2 G R 2 is 
j-compatible. We denote by 72. ■ the collection of all the clusters of j-polymers. More 
precisely we have 

■■=U k > 1 {R={Ri,- -,Rk} , Rnen, ■. Vh,h' e {l,...,k} 

3 hi, . . . , h m G {1, . . . , k} such that R h = R hl inCjR h2 ■ ■ ■mc j R hm = R h >} 

(3.4) 

We remark that repetitions of the same j-polymer are allowed. We also define 

^comp . = |j j ^ _ ^ Rk y f RhE ft. suc h t h a t R h comPj R h ,, h'} (3.5) 
fc>i 

Given S G IZj and R G TZj we write ^incj S iff there exists R G R such that R'mcj S. 
For i > j, R G TZj we set R \ j := U/jg/j-R \ i, R \ >i '■= {Ji>>iR \ v\ we finally set 
supp-R := Ui?gR supp R. 

The setup introduced above is needed to develop the algebraic structure of the graded 
cluster expansion. In order to formulate the necessary recursive estimates, which quan- 
tify the decay of the effective interaction at scale i, we also need to take into account 
the couplings below scale i and we need to introduce some more notation. Let G = 
{gi, ■■■,J»}CC G>i, we set 

T(G):= inf T({ Xl ,...,x n }) (3.6) 
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We finally introduce some combinatorial factors as follows: for each j > 1, k > 1 and 
{Rx, . . . , Rk} G TZj we set 



(R u ...,R k ) :- — ^ 



\# edges in / 



(3.7) 



feF(R!,...,R k ) 



where F(Ri, . . . , Rk) is the collection of connected subgraphs with vertex set {1, . . . , k} of 
the graph with vertices {1, . . . , k} and edges {h, h'} corresponding to pairs Rh, Rh 1 such 
that RhiTLCjRh'- We set the sum equal to zero if F is empty and one if k = 1. 

Theorem 3.2. Suppose the hypotheses of Theorem \2.5\ are satisfied. Then, there exist 
functions Z^ A , £r a : <S — > 1R, with j > 1, g G Qj and R G TZj, such that R \>j+i = 0, and 
AccL, such that 

1. for each r G S and A CC L the free energy logi^r) can be written as the absolutely 
convergent series 



logZ A (r) = Yl ^,A(r) + ^E lo g Z S( r ) + E E ^(R)CRA(r) (3.8) 



?(X) = 



i=i see,- 



where x = x(A) < oo is i/ie minimal integer k such that An Uj>fc+i = 0; so ^hat 
A admits the partition A = U7=o w ^ A? := A fl G^-; 

/or eac/i j > 1 and g G C/j £/ie family {Z^ A , A CC L} (Y (g),$)- compatible and 
each function is identically equal to one whenever g c A c . For each j > 1 and 
R G stzc/i that R \>j+i = 0, the family {Ck,a> A CC L} is (supp/2, 0) -compatible 
and each function is identically zero if there exists R G R, (G, s) G R and g G G 
such that ~g C A c ; 

3. let e := exp{— cryi/8}; then 



sup || log Z 

ACCL 



(i) || 



log5] + J (lVA)(8 d + l)r j d 



(3.9) 



and 



sup hcr,aHoo <n n 

ACCL ReR{G,s)€R 



r(G) + 2<ii(Q(G),y.(G)) 



(3.10) 
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4. Algebra of the expansion 

In this Section we introduce the algebra of the graded cluster expansion without discussing 
any convergence issue, which will be dealt upon in Section |5j We suppose the hypotheses 
of Theorem 13.21 are satisfied. Moreover, for A CC L we define the set 

T A :={ICCL: and X fl (A) c = 0} (4.1) 

by item [3] in Condition 12.11 we can rewrite (12. 4p as 

ZAnG„ (0 = exp { VxA*)} ( 4 -2) 

xer A 

Given AccL, for G CC Q>\ and s > let us define 

T A (G, s) := {X G T A : £(X) = G, X c Y S (G), X n y s (G) ^ 0} (4.3) 

In other words T A (G, s) is the collection of the subsets X of Y S (G) intersecting A, all and 
only the atoms of the gentle disintegration in G, and the annulus y s (G). It is easy to 
show that for each A, A' CC L one has 

A n Y S (G) = A'n Y S {G) T A (G, s) = T A ,(G, s) (4.4) 

Notice, finally, that if there exists g G G such that g C A c then T\(G, s) = 0. 

Recalling that Vx,a has been introduced in (12. 4(1 . for % > 1, and g G Qi we define the 
following function 

^ex A ( 9 ,o) 

Recalling Definition I3.1( we have that ( I4.4j) above and the items [TJ and [2] of Condition 12.11 
imply that the family {w* A , A CC L} is (Yo(g), (?)-compatible. Furthermore, if ^ C A c 
then T A (g, 0) = implies = 0. We shall look at as the contribution to the self 
interaction of the z-atom g due to the integration on scale 0. It will not be expanded, but 
it will contribute to the reference (product) measure relative to the expansion at step i. 
For i > 1, G CC Q>i such that G fl Qi ^ 0, and s > we define 

( Yl Vx,k if (|G|,s)^(l,0) 
*g'°!a == \ x^ A (G,s) (4.6) 
[ if (|G|,s) = (l,0) 

As before we get that the family {$^' A , A CC L} is (Y S (G), G)-compatible and that 
$q'j A = if there exists g G G such that 7? C A c . We shall look at $g, A as the effective 
interaction at scale i due to the integration on scale 0; it will be expanded at step i. 
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By using definitions (14. 5p and (14. 6 p we have 

E v** = E v*+ + E E »£? + E E E *S2» («•> 

XeT A X£T A : j>l gg^ j>l GCC5>i s>0 

f(X)=0 Gns^0 

Note that if £(X) = and Ic A then Vx,a G J-*0, namely the function Vx,a is constant. 
Moreover, since A CC L, all but a finite number of terms on the r.h.s. of (14. 7p are 
vanishing. 

To simplify the notation for each g G Q>i we define the bare self-interaction inside g 

as 

u g , A -.= Yl Ux ( 4 - 8 ) 

XCCL: XnA^V) 

xnAcjnA 

and remark that, since the potential U has range R < r, we have that the family 
{U g &, A CC L} is (g, g) -compatible; furthermore, U g> & — if gH A = 0. 

Note that for g,h G C?>i, g ^ h, we have di(g, /i) > 71 > r > i?. Recalling that the 
integer x has been defined in Theorem 13.21 we have S\ = ®* =0 <S{Aj), where we recall in 
item [T] of Theorem 13.21 we have defined Aj := An Gj for j > 0. For i > we also set 

A>i := [jAj and A, := A> m U A c 



Then, given r G <S, recalling the abuse of notation mentioned at the end of Section 12.21 
we have 



Z A (r) := £ e<«*> = £ ... £ £ 



[ e ^.A(-r)... ^ [ e ^AW) ^ e ^A (n°) (4.9) 



Now, by using equations ( 14. 2 p and (14.71) we get 
Za(t) 



cxpl £ V^, A (r)l 

I X£T A : J 

e(A-)=0 

x E n e ^ )+ ^ 0)( ^- ex p( E E 

J] ne"-"''^" > <' 1 ).ex P ( £ E^aI-) 1 )) 

eS(A ) ggSi L Gcce>i s>0 J 



(4.10) 



x • ■ ■ x 
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We next define by recursion on j — 0, . . . , x some functions $(w and ty( l >3\ < j < 
i < h. As in the case j = we look at $(w as the effective interaction at scale i due 
to the integration on scale j < i\ on the other hand we look at xlKw as the effective 
self-interaction at scale % due to the integration on scale j < i. 

As recursive hypotheses we assume that we have already defined the families of func- 
tions {t^g'™ , A CC L}, which is (Y (g), g)-compatible, and A CC L}, which is 
(Y S (G), G)-compatible, for any m = 0, . . . , j — 1, any i = m + 1, . . . , x, any g £ Q iy any 
G CC ^>j, such that Gf]Qi ^ 0, and any s > 0. Moreover we assume = if g C A c 
and ^GsA = if (|G|, s) = (1, 0) or there exists g £ G such that g C A c . We next define, 
by integrating on the scale j, the potentials ano - ^g s a ^ or * = J + 1, • • • , any 
g E Gi, any G CC £/>j, such that G D Qi ^ 0, and s > 0, and show that they satisfy the 
compatibility properties stated above. 

By the recursive assumptions and the properties of U 9j \, for each g £ Qj the family of 
functions {U 9s a + ^i ^jA > ^ cc ^} * s (^o(fiO) g)-compatible and a function of the 
family is identically zero if g C A c . Therefore, for £ <Sa . we can set 

z { 9 % 1+1 ) ■= E ex P + E *mV')} ( 4 - n ) 

r,ieS( g uA >j+1 uA c ) L m=0 J 

We note that the family {Z^j, A CC L} is (Yo(flO, 0)-compatible and a function of the 
family is identically equal to one if g C A c . For each 77 J+1 £ <Sa 4 we can define a probability 
measure v g \ j+i on 5 9 by setting, for each a £ S g , 

^irfM ■= <W<V*0 1 exp {^a(^' +1 ) + ]T ^fW +1 )} (4-12) 

For each cr £ <S 5 the family {77 J+1 i-> z^a^+i (c) , A CC L} is (Y (g), 0)-compatible; 
moreover, u gjAjV j+i = S v j+i if <? C A c . 

Given G CC (?>j such that G C\Qj ^ 0, and s > we set 

m=0 

which is the (cumulated) effective interaction at scale j. By the recursive hypotheses 
we have that the family {$q sA , A CC L} is (Y S (G), G)-compatible; moreover $g sA is 
identically zero if (|G|, s) = (1, 0) or there exists g £ G such that g C A c . 
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Let rf +1 £ S(Aj) and R = {(Gi, si), . . . (Gk, Sk)} £ T^y; we define its activity 
CrAv j+1 ) as 

cw +i ) == e n <A,,-f/^ n hp - 1] (4.i4) 

r J JG5(Hr :j UA >j+1 UA c ) gS-Rfj ft=l 



It follows that {Cr,a, A CC L} is (supp-R, R |*>j+i)-compatible and an element of the 
family is identically zero if there exists (G, s) £ R and g £ G such that 7? C A c . For 



ReTZj, we set 

CrAv 3+1 ) ■= II CW +1 ) (4.15) 

it follows that {Cr,a 5 A CC L} is (suppi?, R [">j+i)-compatible and an element of the 
family is identically zero if there exists R £ R, (G, s) £ R, and g £ G such that g C A c . 

By standard polymerization and cluster expansion, under suitable "small activity" 
conditions that will be specified later on, see item [7] in Lemma 15.91 below, we have, see 
e.g. 



E U^M)^\ E E<> j 



j , + i l Gng ^0 



1+ E Cr,a(^' +1 ) = exp i ^ ^ t (R)Cr,a(^' +1 ) M4.16) 



with (yj^ defined in (13. 7p . 

We are now ready to define the interactions due to the integration on the scale j. Let 
G CC G>j+i and s > 0, we define 

R ! (G,8):={Ren j : R\> j+1 = G, suppRcY s {G), suppR n y,(G) + 0} (4.17) 

For g <E Gi, i > j, we let 

*£? : = E ¥*(£K&a (4-18) 

It is easy to check that {^^, A CC L} is (Y (g), g>) -compatible and an element of the 
family is identically zero if ~g C A c ; so we met the first recursive condition. The effective 
interaction at scale % > j due to the integration on scale j is defined as follows; for 



23 



G CC G>i, G n Gi ^ and s > we set 

f E M£)C«,A if (|G|, S )^(1,0) 
$ g',s!a := < (4.19) 
I if (|G|,a) = (l,0) 

As before {$g^' A , A CC L} is (Y S (G), G)-compatible and an element of the family is 
identically zero if there exists g E G such that g C A c ; so we also met the second recursive 
condition. 

By noticing that 

J2^(rXra= E ^(^,a+e{e<a+ E E'^U ( 4 - 2 °) 

fle^ «eSj i=i+i geSi ccce>, s>o ' 

ht>j + i=0 Gne^a 

and using recursively (14.16)) in (I4.10p . it is easy to check that, provided all the series 
converges absolutely, we have got the expansion (13.81) . 



5. Convergence of the graded cluster expansion 

In this section we prove the convergence of the cluster expansion introduced in Section [4] 
above. 

5.1. Geometric bounds 

In this section we collect bounds which hold in our geometry of wide separated gentle 
atoms. For the reader convenience we restate [21 Lemma 3.4] in the present context. 

Lemma 5.1. Let k be a positive integer and Ho(k) be the set of permutations it of 
{0, 1, . . . , k} such that 7r(0) = 0. Let X = {xq, x%, . . . , Xk) C L and T(X) as in \2. 3\) : 
then 

1 k 

T(X) > 2 j£ Q f (fc) E dl Ka-i),^)) (5-1) 

Proof. It is easy to show that the infimum in (12. 3 p is attained (not necessary uniquely) 
for a graph Tx = (Vx, Ex) C (L, E) which is a tree, i.e. a connected and loop-free graph. 
The Lemma follows from the bound 

1 k 

\E X \ > 7j inf ,E dl K(i-i)'^)) ( 5 - 2 ) 

which is proven as follows. By induction on the number of edges in Tx it is easy to prove, 
see Fig. [TJ that there exists a path (£ , . . . , £m-i), with £ m e Ex for all m — 0, . . . , M — 1, 
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Figure 1: The path £ = {£ , . . . ,£ M _^\ introduced in the proof of Lemma [STTl The solid 
circles represent the points {xq, x\, . . . , Xk}. 

satisfying the following properties: £ m -i H £ m 7^ for all m = 1, . . . , M — 1, x G £ , for 
each v G Vx there exists m G {0, . . . , M — 1} such that ^ m 9 and each e G appears 
in the path at most twice. The bound (15. 2p then follows. □ 
We give, now, a recursive definition that will be used to parametrize the exponential 
decay of the potential at different scales. Recall definitions (14.1 7ft and (12. 3ft . set 



%(G, s) :— inf inf T ({x, x x . . . . , x n }) for G — {g 1 , . . . , g n \ CC Q>\ and s > 

x£y s (G) xmegm 

m— l,...,n 



Tj(G,s) := inf V V Tj-i(H,u) for j > 1, G CC Q> j+1 , and s > 

(5.3) 

As usual if Rj(G, s) = we understand Tj(G,s) = +oo. Note that 7o(G,0) = T(G), see 
(13. 6p . Finally for each j > 0, G CC £7>j+i and s > we set Tj(G, s) : = inf <fc<j Tk(G, s). 
In order to clarify the recursive definition (15. 3p we consider in some detail the case j = 1, 
G = {(?i, #2} C Q2, and s = 0. Let R* G ^({pi, <7 2 }> 0) be a minimizer for the right-hand 
side of (15. 3p . Then 

Ti({<7i,<7 2 },0)= J2 E T o(^ u ) 

R£R* (H,u)eR 

We note that a polymer i? G i?* is built of bonds (H, u) connecting on 1 -gentle atoms. 
Therefore, 7i({<7i, ^2}) 0) can be strictly smaller than di (#1,(72) due to the presence of 
1-gentle atoms between g\ and #2- However, by the sparseness conditions H] and [5] of 



Definition I2.4[ we have 

7i / Ti \ 

7i({0i,02>,O) > — di(#i,# 2 ) > (1 di((/i,# 2 ) 

Fi + 71 v 71 / 

Indeed, the maximum number of 1-gentle atoms that can be arranged between g\ and 

#2 is di (72) / (Ti + 71). The following proposition states a similar bound for a general 

situation. 
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Proposition 5.2. Let j > 0, Gcc Q>j+\, and s > 0. Then 

3 -p 

T 3 (G, s) > (l - -) {T(G) + l s >! [dx(G(a), y.(G)) - 0,] } (5.4) 

fc=0 ^ 

where we understand O/70 = even i/70 = 0. 

We remark that from the bound (15. 4p above, item [3] in Definition 12. 2[ and (I2.9P it is 
straightforward to deduce that 

7KC s) > \t{G) + -^(2(6), y s {G)) (5.5) 

To prove Proposition 15.21 one of the ingredients is a lemma about one-side projections 
of graphs to hyper-planes. In order to state it we need a few more definitions. Let 
n G {ej, —Si, i = 1, . . . , d} be a coordinate direction and c G N an integer; we consider 
the hyper-plane tt = 7r^. c := {x G L, (x — cn) ■ n = 0} C L, where ■ denotes the canonical 
inner product in M. d . We then define the half-lattices := {x G L, (x — cn) ■ n < 0} 
and L^ > := {x G L, (x — cn) ■ n > 0}; remark that L„. < D 7T. 

Given a connected graph (V, E) CC (L, E), recall the definition above (I2.3p . we define 
Kr,< := V n L„-,<, K,> := V H Ltt^, := {e G £, e C h^<}, and E n> := {e G 

E, efl 7^ 0}. We note that V = K,< U K,> and £ = E vS U £„.,>■ We finally define 
E^ y := { {x, C 7r, 3/c > 1 such that {x + kn, y + kn} G E n>> } . 

Lemma 5.3. Let (V,E) C (L, E) be a connected graph, n G {e^, — e^, % = l,...,d} a 

coordinate direction, and c G N; consider the hyper-plane 7r^ c = n C L. Wi£/i i/ie 
definitions given above, if V n> < 7^ i/ien 

1. the bound 

\E\>\E Wt <UE^ > \+ sup di(«,7r) (5.6) 

holds, where we understand the second term in the right-hand side equal to zero 
whenever V Wt> = 0; 

2. the pair (V n <, -^tt,< U -E^ l > ) a connected graph. 

We remark that this lemma depends on the use of the distance di in the definition of 
the edge set E. Indeed it would have been false if we had used the distance doo. 
Proof of Lemma [3731 Proof of the item[TJ Let E\ >:> := {{x, y} G E n>>: (y — x) ■ n 7^ 0}; 
it is immediate to show that 

\E\ > I^U^I + I^I (5-7) 
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If V nt> = (15.61) trivially follows from (15. 7p . Suppose, now, V n<> ^ 0. Pick v G V n<> and 
let D := dx(ir,v) = d 00 (7r,t>). Recalling that the graph (V,E) is connected and that by 
hypotheses V^,< ^ 0, we have that there exist w G rr and a connected path £\, . . . ,£h such 
that d 6 !i, «j 6 4, and i m G £,,-.> for all m — 1, . . . , h. We have the obvious bounds 

|4U| > |{{x,y}G{4,...,4}, (y-x)-n^0}| >D (5.8) 

The inequality (15.61) follows from (15. 7p and (15.81) . 

Proof of the item[2j The statement is trivial if | V^- 5 < | = 1. Suppose, now, \V ni <\ > 2 
and pick two distinct vertexes v,w G V %i <- By recalling that {V,E) is a connected graph 
we have that there exists a connected path joining vtow namely, there exist fi,...,4 6£ 
such that v E £i, w €. £h, and £ m D ^ m+ i ^ for m = 1, . . . , h — 1. 

We let ^, . . . , be the path obtained from £ ly . . . ,£ h by removing all the edges be- 
longing to E\ >; we remark that the path . . . , is not necessarily connected and that 
1 < h' < h. Let £' = {x', y'} be an edge of such a path; £' is either in E n> <. or in £ , 7r > \£'|| >. 
We set £' := in the former case and £' := {x' + (c — x' ■ n)n, y' + (c — y' ■ n)n} G E^ y in 
the latter. 

By construction £[,... ,£' h , G E n ^< U E^r y . Moreover it is an easy task to prove that 
v G £[, w G I'y, and £^ n C+i ^ for m = 1, . . . , /i' - 1. The proof of item [2] is 
completed. □ 

Lemma 5.4. Lei G CC (?>i and s > 0. T/ien i/ie bound (|5.^| ) /ioWs irue /or j = 0. 

Proof. The statement is trivial in the case s = 0. Let s > 1 and label the elements of G 
by setting G — {gi, g\ G \}. Let x* G y s (G), x\ G gi, . . . , xfa G g\ G \ be a minimizer for 
the infimum in the definition of %(G, s), see (15.31) . Let also V := . . . ,x* G ^} and 

(V,E) the connected graph such that \E\ = T({x*,x*, . . . ,xf G ,}) = l~o(G, s). 

Let F x * the face of y s {G) such that x* G F x * (choose anyone if it is not unique) and tt the 
hyper-plane parallel to F x * such that 7r(~)Q(G) ^ and d^vr, F x *) is minimal. Let also n be 
the normal to it such that (x* — y) -n > for any y G 7T. By applying the Lemma [5731 to the 
graph (V, i?), the normal n, and the hyper-plane n we get > \E n< < U-E^ L > | +di(x*, 7r). 
Since V n> < = {x\, . . . , x* G ^}, by item [2] of the Lemma 15.31 we have that \E n> < U £^>| > 
T({^,...,xf G| }) > T(G). Moreover, by construction di(x*,vr) = di(Q(G), The 
thesis follows. □ 

Proof of Proposition HOI We can assume Rj(G,s) ^ 0, otherwise Tj(G,s) = +oo. We 
prove ( 15.41) by induction; the step j = has been proven in the Lemma [5.41 We suppose 
( 15 .4p holds for j — 1 and we show it holds true for j . To bound Tj(G,s) we let R* G TZa (G, s) 
be a minimizer for ( I5.3p . Note that Rj{G,s) is not a finite set because repetitions of 
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the some bond are allowed. However a minimizer ft* does exist because without such 
repetitions Rj(G,s) would be finite and repetita juvant. We have 

T 3 (G,s)= E ( 5 - 9 ) 

ReR* (H,u)eR 

We consider, now, the case s = 0. Let ft = ft (ft*) := {ft C ^ : 3ft G ft*, 3u > 
: (ft, u) G ft and |ft| > 2}; we note that ft is finite and not empty. From (15.91) and the 
inductive hypothesis we have 

7-(G,0)>(l-£^)$>(ft) 

k=o 1k Hen 

We also remark that definitions (13.41) and (14.17ft imply that the system ft is j-connected 
in the sense specified just above ( 13. 2p . By adding and subtracting Fj/lj and by remarking 
that |ft| > 2 implies T(ft) > 7j we get 

TAG, 0)>(l-E^)E T (^) + ( 5 - 10 ) 

k=o ~ k Hen 

Let us construct a partition of the system ft: pick an element of ft, denote it by fto,i, and 
set ft := {fto,i}. For any m > 1 and ft G ft \ U^cj 1 % we sa y that ^ H-m if and only 
if there exists ft' G ft m _i such that ft and ft' are j-connected namely, ft PI ft' D £?j 7^ 0. 
Recalling ft is j-connected we have that there exists a maximal value of m that we call 
t; in other words there exists t > such that ft m 7^ for all m < t and ft m = for all 
m > t. The collection fto, . . . , ftt is a partition of ft. 

For each m = 1, . . . , t we denote by ft m> i, . . . , ft m t m m \ the elements of ft m ; for each 
m — 0, . . . , t and £ = 1, . . . , |ft m | we let (V m ^, E m J) C (L, E) be a connected graph such 
that 

T{H m/ ) = \E m/ \ (5.11) 

and for each h G H m ^ we have that V m ^ fl /i 7^ 0. We define, now, an algorithm that 
constructs a graph (V, ft) C (L, E) such that |ft| > T(G) and |ft| is bounded from above 
in terms of T(ft) for ft G ft: 

1. set m = and (V, ft) = (V 0j i, ft ,i) ; 

2 . set m = m + 1 and I = , if m = t + 1 goto [8]; 

3. set £ = £ + 1, pick £' G {1, . . . , |ft m _i|} such that ft m _i ^/ ft m ^; 

4 . pick h G ft m -i/ n ft m ^ fl , y e hn V m -\,e , and x G /i fl ; 
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5. find a connected graph (W, F) C (L, E) such that \F\ is minimal and the 
set of vertices W contains both x and y; 

6 . set V = V U V m/ UW and E = E U E m/ U F ; 

7. if £ < \% m \ goto [3] else goto [2]; 

8. exit; 

By recursion it is easy to prove that this algorithm outputs a connected graph (V, £7) such 
that for each H G "H and /i G if there exists x & h such that x G V; in particular for each 
p G G there exists x G g such that iGl^, hence \E\ > T(G). Moreover, by noticing that 
the graph (W, F) introduced at line |5] is such that \F\ < diami(/i) < Tj we have 

t \H m \ 

\E\ < E + - !) r i ( 5 - 12 ) 

m=0 £=1 

Now, by using f l5.10p -f l5TT2|) we get 

7-(G, o) > (l - £ ^) [\e\ -(\n\- i)rj + l^ir, > (i - E ^) r ( G ) 

fe=0 fc=0 

which completes the inductive proof of (15 .4p for s = 0. 

We consider, now, the case s > 1. Recalling ( 15. 9p . there exists R' G R* and (H',u') G 
# such that r u ,(fT) n y s (G) ^ 0. Let W = H\R*) := {if c Q> 3 : 3i? G if, 3m > 
: (H,u) G i?, (H,u) ^ (H',u') and |if| > 2}. Note that, as in the previous case, 
| if | > 2 implies T(H) > 7^; on the other hand we note that %' can be empty. Set also 
H := H' U {H'}. By using (I5.9P and the recursive hypothesis we have 



UG,s)> T j - 1 (H',u')+ Tj-iiH, 



u 



Hew 

3-1 r (5.13) 
^ ^-^^{^[MQiH'lVuiH'))-^] + ^T(ff)} 

k=0 ^ k HeH 

We note that for each if G Ji' we have |if | > 2, hence T(if) > jj. Moreover, we claim 
that 

T(ff') + l u ^ 1 (d 1 {Q{H i ),y u ,(H , ))--& j . 1 ) > 7j (5.14) 
Indeed, if u' = then |if'| > 2, so that T(H') > jj. On the other end if u' > 1, then 
d 1 (Q(H'),y v ,(H')) = fy + u' implies d 1 (Q(H>), y u ,(H ')) - > ^- Vi = r i + 7j > Ti- 
Now, by adding and subtracting Tj/jj in (15 . 1 3[) we get 

3 -p 

r 3 (G,s) > (1 J2 t{h) + i v > x [dxCsc^o, - Vi] } + l^l r . ( 5 - 15 ) 



k=0 H£H 
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Since Y U ,(H') Dy s (G) ^ there exists hi G H' such that d 1 (h',y s (G)) = dj+u'. Label 
the elements of G by setting G = {g±, . . . , g\c\}- By running the algorithm used in the case 
s = 0, we construct a connected graph (V,E) C (L, E) such that V D {x',X\, . . . ,x\g\}, 
for some x' G /i', Xi & g±, . . . , x\q\ G and 

T(H) > \E\ -(\n\- l)r, (5.16) 

Let F' be the face of y s {G) such that d\(h' , F') = dj + u' (choose anyone if it is not unique) 
and 7r the hyper-plane parallel to F' such that ix H Q(G) ^ and di(7r,F / ) is minimal. 
Let also n be the normal to ir such that (y' — y) ■ n > for any ?/' G -F' and ?/ G 7r. By 
applying the Lemma T5. 3 1 to the graph (V, F), the normal n, and the hyper-plane 7r we get 

|F| > T(G) + d 1 (Q(G),h') (5.17) 

Finally, by plugging (15.161) and (15. lTf) into (15.151) we get 

7-(G, s ) > (i - — ) {t(G) + d^Qid), ti) + r, + i u ,> x [d^Q^o, - Vi] } 

fc=0 ^ 

(5.18) 

Consider, now, the sub-case u' = 0. In this case di(h',F') = hence b! <f_ Q(G). 
This implies h! G Gj] therefore diami(/i') < Tj, see item H] in Definition 12.41 We get 

di(Q(G), //) > d^QiG), y s {G)) - Tj - (5.19) 

The bound (JED follows from flSTTHj) and CT| . 

We finally consider the sub-case u' > 1. Recalling how /i' G if' has been chosen, we 
have that 

d 1 {Q{H>),y u ,{H')) = d 1 {ti,y u ,{H')) = d 1 (ti,y s (G)) (5.20) 

If h! G G then fc' C Q(G); hence d 1 (Q(^ / )^«'(^"')) > d 1 (Q(G),y s (G)). Then (El 
follows easily from ( I5.18p . On the other hand if h! G Qj, we have diana^/i') < Tj, hence 
by using (I5.20p we have 

d 1 (Q(G),h') + T j + d 1 (Q(H'),y u/ (H'))>d 1 (Q(G),y s (G)) (5.21) 

Then (15. 4p follows easily from (I5.18p . □ 

Lemma 5.5. Let j > 0, G CC G>j+i, s > 0; suppose 7Zj(G, s) ^ ; see definition ( [^.i7p . 
For each g G G, Re 71 AG, s) and h G R \ j; we have 

E Tj-i(HM>\<h(!l,h) ( 5 - 22 ) 

ReR(H,u)eR 
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Proof. The Lemma can be proven by using (15.41) . the simple bound 1 — Y^^O^j/lj) > 1/2, 
and by running the algorithm introduced in the proof of Lemma 15.21 □ 

Lemma 5.6. Let G CC G>j+i, s > and TZj(G, s) as defined in (f^.JTp . Then, for each 

£ £ |^|>|G| + X)l«ril (5-23) 

flefl (H,u)eR ReR 

Proof. The Lemma follows directly from the definition of TZj(G, s). □ 
5.2. Preliminary lemmata 

In this section we collect some technical bounds needed to prove the convergence of the 
multi-scale cluster expansion. 

Lemma 5.7. For m > let 

where we recall d is the dimension of the lattice L. Lei a/so 7, L > &e positive reals; 
then we have 

J2 e -™M*,B L ) < ^ (m)e - f(7 -2L) (5>25) 

d 1 (a-,0)>7 

where we recall B L is the ball of radius L centered at the origin defined at the end of 
Section \2.1\ 

Proof. First of all we note that di(x, 0) < L + di(x, Bl). Hence 



^ e -mdi(x,B L ) < e -m[di(x,0)-L] < e mL-my/2 

d±(x,0)>y dl (»■<>)>•? d 1 {x,0)>-y 



e -T7idi(x,0)/2 



Recalling that di(x, 0) = |xi| + ■ • • + \xa\, where x = (x±, . . . , xa), and using the bound 
above we get 



00 , 

a 



-mk/2 



^ e -«diMi) < e -m(7-2L)/2 g-m(|xi |+-+|x d |)/2 < e -m( 7 -2£)/2 ^ + g ^ 

rtl: X£L fc = l 

d 1 (a:,0)>7 

and the Lemma follows via elementary computations. □ 
Lemma 5.8. For j > 1 and m > let 

qj (m) := K(m/A) e~ m ^ /8 (5.26) 
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where K(m) has been defined in Lemma \5. 7\ Assume qj{m) < 1 and set 



Kj{m) 



— — 19 ■ 

e " 3 



-m/4 



1 - e~ m / 4 



+ 



-m/4 



1 + e~~' 



1 - e~ m / 4 



(Tj + iy 



m) 



Then 



1 - qj(m) 



m) 



(5.27) 



sup E I d G l' s )^( 1 '°) exp i -^-iC^js)} < Kj 

G3g 

Proof. Let go £ Qj] by using (15. 5p . definition (13. 6p . and Lemma I5TT1 we have 

oo 

E I (IG|,^(i,o) exp { -mfj-i{G,s)} 

Gcce> 3 s =o 

G39 

OO 

< ^ exp I - jdi (Q(g ),y s (go)) } 

oo fc 

+ E E ex p { - t 4C JsL E d * (^a-i). } 



(5.28) 



fc=l GCC5>^:Gf9so 
G| = fc+1 



r6n (fc) 
h=0,l,...,fe V ' i=l 



oo 

x E ex p{-T d i( Q ( 5 )'^( G ))} 



(5.29) 



For G CC £> j; such that GnGj ^ 0, we have di(Q(G), y s {G)) = + s; then 

—m/4 



-221,9 . 



J^ e -f dl(e(j»),».(!w)) = e - T »J 



8=1 



1 - e~ m / 4 



and 



s=0 



l di(e(9),y.(G)) 



1 + e - T< 



e -m/4 

1 - e" m / 4 



(5.30) 



(5.31) 
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On the other hand 



OO K 

E E ex p{-j Jn n f w E d i(^)'^))} 

fc=l GCS> i :G9 90 fe=0,l,...,fe W h = l 

G|=fc+1 

oo ^ k 

-En E ex p{- T *5 f inf , Vdi(i l(M ,i,( ft) )} 
fc! I 4 a; hS9h : 7ren (fc) J 

oo j fc 

-Efcj E E E expj-^^d!^-!),^))} 

fc=l ' Sl.-.Sfeee^-: * h e 9;i : TrgnoCfe) /i=l 



oo 

< 



1 I \ 

EfciE E n( E E ex p{-7 d i(^-i) ; ^w)}J 

fc=l ' x 6go 7rgn (fc) /i=l '"C") ^(hjeg^fh) 

97r(h)^97r(h-l) 

(5.32) 

We now have 

sup sup V Vexp { - — di(x,2/)j <sup V exp { - — di (x, y) ) 



(5.33) 



< K(m/4) exp | - — 7i | = qj\ 



m) 



where we used Lemma 15.71 and (I5.26P . 

By plugging (15 .33[) into the r.h.s. of ( 15 .32 j) we then get 



oo k 

E E ex p{- t w*,„ ^ f y2 d i( x *(h-i)> x *{h))} 

k=l GCG^j-.Gago uv h=0,l,...,k h=l 
\G\=k+l 
oo 1 

fc=i xoego 7ren (fc) 



i i Qj\ m ) 
\9o\ 



< (r, + l) d , qAm } , (5.34) 
1-qJm) 



1 — qj{m) 1 — qj{m) 

The estimate flEZBJ) now follows collecting the bounds fl5T29D -f l5T3ll and CTl . □ 

In the sequel we shall need some elementary inequalities relating the sequences T, 7 
to the parameters a and A introduced in Condition 12. 1[ We show how those inequalities 
are implied by the hypotheses of Theorem 13. 2[ 
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Lemma 5.9. Suppose the hypotheses of Theorem \3.2\ are satisfied. We define the decreas- 
ing sequence of positive numbers 



4:=^7 t - /3 (5.35) 



for k > 1. Moreover we set 



3 

mo = — , and rrij := — — 4^^^ for all j > 1 (5.36) 

fc=i 



Tnen 

i. /or eac/i j > 1 we have 5j^j > 8j, 
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fe=i 



5. we have ee < 1/3; 

^. /ei qj{m) as defined in Lemma [57R and 5j as in (TJ|) ; then qj{5j) < 1 for all j > 1; 

5. /e£ Kj(m) as defined in Lemma \5. 81 then Kj{5/) < 1/3 for all j > 1; 

6. for each j > 1 we have mj_i r jj > rrij^j > 32j ; 

7. we have K(5j/2) exp | — ^jjj < 1 for all j > 1; 

8. we have #((raj-i - 26/) /2) exp j- "^ 1 ^ 7j} < 1 for all j > 1; 

5. we /iaw [4 d (Fj + + 1] exp | — j < 1 /or any 1 < j < i. 

Proof. Item [T] is an immediate consequence of definition (15.351) and item H] in the hypothe- 
ses of Theorem 12.51 By definition (I5.35f) item [2] is equivalent to item [3] in the hypotheses 
of Theorem 12. 5[ 

Item [3] is an immediate consequence of the definition of e in item [3] of Theorem 13. 2\ 
item [1] in the hypotheses of Theorem 12.51 and the property 71 > 2I\ (see item [1] in 
Definition E2J). 

With simple elementary computations, one can prove that definition ( I5.35f) implies 
that the inequality 

f(^)V^ £ i 



31 



holds for all j > 1; such inequality will be useful in the proof of the remaining items. 
Indeed, by using (I5T35|) we get that (15371) is equivalent to (rf/a) 2/3 exp{-(7 J 2 /a) 1 / 3 } < 1, 
which holds trivially. 

Item H] is obvious once one has proven 

Qi(Si) < -tt (5.38) 

for all j > 1. To prove flOg]) we first use (15331) . fl53oD and recall ^ > 2 for all j > 1, 
see Definition I2.2| we then have 

[7 ( r, + d- + IMS,) < f (D'rJftW < f (|)"rj (I±££)' e -«™/» (5.39) 

We note, now, that item H] in the hypotheses of Theorem 12.51 and definition (I5.35f) implies 
5j < 1 for all j > 1. Hence, the term (1 + e"^ /8 ) /(l - e~^ /8 ) can be bounded from above 
by 24/ 5 j. The inequality ( I5.38|) finally follows from (I5.37P once we recall 7, > 2Tj for all 
j>l- 

Item [5) first note that for j > 1 

where we used ^ > 7, for all j > 1, inequality 05.37p . and <5j < 1 for all j > 1. By inserting 
the bounds (I5.38P and (15.401) inside the expression of Kj(Sj), see definition (I5.27p . we get 
the desired inequality. 

Item[6j from (I5.36P and item [2] above we have that 

j 

m . = 7-4V4>t-4- = ->45 i (5.41) 
^ 4 - 4 32 8 ~ 3 y 1 

k=l 

Hence, rrij-i'jj > m^j > 45j^j > 32j > 4(j — 1), where we have used item [1] above. 

Item [7] is a straightforward consequence of the definition (15.241) of K and the inequality 
(E37J). 

Item[HJ by using (I5.4ip we have that m^-i — 25 j > 5j. So the thesis follows from item 
[7] once we note that K(m) is a decreasing function of m > 0. 

Item |9] follows easily from (I5.37p . using that Tj > 7jj, see item |2] in Definition 12. 2\ and 
5j < Sj for z > j > 1. □ 

5.3. Recursive estimate 

In this section we obtain a recursive estimate on the effective interaction due to the 
integration on scale j, which is the key step in the proof of Theorem 13.21 More precisely, 
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recalling e and rrij have been defined in item [3] of Theorem 13.21 and in (1 5 . 3 6 [) , we shall 
prove the following bounds. 



Theorem 5.10. Let the hypotheses of Theorem \3.S\ be satisfied. Fori > 1 set Ai 
(1 V A)(8 d + l)rf . Let also tyffl (resp. as defined in and fiJUfy (resp. 

Hi4-6\) and ( 4-19\ })- Then for each i > j > 0, we have 



in 



K'flU < Ai V</£ft (5.42) 
II^aIU < e^e- m ' f ^ VG CC : G H ft ^ 0, Vs > (5.43) 

for any AccL. 

The Theorem follows by complete induction from Lemma 15.111 and Proposition 15.121 
below. First of all we show that (I5.42p and (I5.43P hold for j = 0. 

Lemma 5.11. Let ^ ^ , resp. $|j A , as defined in ([^.5| ), resp. m fl^.6| ) and assume the 
hypotheses of Theorem \3.2\ are satisfied. Then for any A CC L and any % > 1 

Halloo < V 5 eft (5.44) 

II^aIU < £ \ G \ e - mof ^ G ' s) VG CC Q>i : G fl ft ^ 0, Vs > (5.45) 

Proo/. We first prove ( 1CTD . Recall (S3]), given X e T A (g, 0), if £(X) = g then Xn^O. 
Hence by using Condition 12.11 

n^iioo^ ii^aIIoo<^ Yl ii^a||oo<i^ (5.46) 

5(X)= 9 X3x 

The bound fOijl follows from \g\ < (r 4 + l) d . 

To prove ( 15. 45ft we first note that for G CC Q>i, such that G fl ft 7^ and (|G|, s) 7^ 
(1,0), and X £ Ta(G, s) we have, recalling ( 12. 9 p and item |5] in definition 12.41 that 
T(X) > 7j. Therefore by using ( 15. 3p we have 

inf T(X) >- li + -%{G,s) + \ inf T(X) 

XGT A (G, S ) 4 4 2 XGT A (G, S ) / 5 _ 47 ^ 

>^ + if (G, S ) + i 7i [(|G|-l)Vl] 

where in the last step we used Lemma 15.11 in the case |G| > 2. Now, for G and s as 
above, remarking that |G| > 2 implies |G| — 1 > |G|/2, we have, recalling 7$ > 71 and 
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e = exp{— «7i/8} as in item [3] of Theorem [3] 

ll* (i ' 0) II < V IIVvaII - V P aT{ - x )p- a ^ x )\\V v a II 

II^G',s,Alloo — / ||^X,A||oo— / c c H^X.Alloo 

xex A (G,s) iex A (G, s ) 

< e -|a 7i -|afo(G, S )-ia 7 i|G| e aT(X) || V X A || oc 

XeT A (G,s) 

< ^l e -i^( G , s ) e -l^ gup e ^(X) WxAoo 



9£ 1 xSg xccl 
< elGlg-ia^KG^g-i^^r. + i}d A 

where we used the same bound as in (15.461) . The bound (I5.45P finally follows from item 
[2] in the hypotheses of Theorem 12.51 □ 

Proposition 5.12. Let the hypotheses of Theorem \3.2\ be satisfied. Let also $|j A satisfy 
the bound l[5.43\ ) for any G CC Q>j with GC\Qj ^ 0, any s > 0, and any h — 0, . . . , j — 1. 
Then, for each A CC L, the cluster expansion in l[4-16\ ) is absolutely convergent. More- 
over, ty *^ and $g^ a , as defined in \4- an & U-lty > satisfy the bounds ft5.4ty and 
^5.43^ for any i > j > 1. 

The proof of the inductive step in Proposition 15.121 is split in a series of Lemmata in 
which we understate the hypotheses of Proposition 15.121 itself to be satisfied. 

Lemma 5.13. For R e TZj, let (j? iA be as defined in ^4- 14 )- Then we have 

HWlloo < 11 e-^- 5 ^-^ (5.49) 

(G,s)eR 

for any A CC L. 

Proof. Recalling (I4.13p . the inductive hypotheses (I5.43P implies that for each G CC Q>j, 
GnQ 3 ; ^ and s > with (\G\,s) ^ (1,0) 

i-i 

II^aIU < Y^e lGl e- mhTh{G > s) < j £ \G\e- m ^-i(G,s) ( 5 50 ) 

h=0 

where we used that m^, %, are decreasing in h. Note that for g G Q>j and s > 1 we have, 
by recalling the inequality (15. 5 p and definition (12. 9p . that 

%(g, s) > Idi(Q(0), y s (g)) >^y j h = 0,...,j-l 
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On the other hand, for G CC G>j, \G\ > 2, there are g,g' G G with di(g, g') > jj. Hence, 
recalling ( 15. 5 p 

%(G, s) > l -T{G) > i 7i > ~ 7j = 0, . . . , j - 1 
We thus conclude that for each GCC Q>j such that (\G\, s) ^ (1,0), j > 1, we have 

f h {G,8)>^yj h = 0,...,j-l (5.51) 

Since = if (\G\,s) = (1,0), fTij-xlj > 32 j (see item [6] in Lemma ESJ) , and 

e e (0, 1), from (15.501) we get the bound H^g^aIU < 1- Recalling definition (I4.14p of the 
activity of a j-polymer R and using the bound \e x — 1| < e' x '|x| and (I5.50p . we get 

||Ch,a||oc < n ejeWe-™*-^-^ 



(G,s)eR 

< n e^e-^- 5 ^-^ s hn V Jejex V {-6^} 



(G,s)eR j ~° 

where we used again (I5.5ip . The bound (15.491) follows since sup r>0 {er e~ r } = 1 and 
bjlj > 8j > 4j, see item HI Lemma 15791 □ 

Lemma 5.14. For R Ellj, let 

Cr:=b^ exvi-Sjfj^s)} (5.52) 

(G,s)eR 

Then 

sup CR ex P {\ R U\] < 1 ( 5 - 53 ) 

Proof. The above Lemma follows from the estimate in [ill Appendix B] , indeed the only 
needed ingredient is provided by Lemma T5. 8 1 Firstly we notice that from definition ( 15. 52ft 
we have 

C R eW = {ee)W ]J exp{ - 8jTj-i{G,s)} 

{G,s)£R 

From item |4] in Lemma 15.91 and Lemma 15.81 we get 

oo 

sup I (|G|,*)#(i,o) exp { - 5jfj-x(G,s)} < K j (5 j ) =: K j (5.54) 

G3g 
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On the other hand from items [3] and [5] in Lemma 15.91 we easily get 

e 7 ^ < — r for all j > 1 (5.55) 

- ee(2-ee) J ~ v ' 

Now, by using (I5.55P and item [3] in Lemma 15.91 we can indeed perform the estimate 
in [HI Appendix B] to obtain 

snp Cr e m < eeKj \l + Ci\ w \ ^ 1 ( 5 ' 56 ) 

gee, ~ L 1 + {ee) 2 e K i - 2eee K i -J 

where the last inequality follows from items |3] and |5] of Lemma [5.91 by elementary compu- 
tations. □ 
The bound (I5.53P allows us to justify the cluster expansion in (14.16]) . We are now 
indeed ready to apply the abstract theory developed in [30] . 

Lemma 5.15. For R G TZj, let ( R as in A5. 5S\) and, for R G TZj, set £k := YlneR^R- 

Then, recalling the incompatibility incj has been defined below A3. 5\) . for each S G TZj we 
have 

\MR)\Cr <\S\j\ (5.57) 

R incj S 

Remark. Since, by ( 15.411) rrij-i — Sj > rrij — 8j > 35 j > 5j, from Lemmata 15.61 15.131 
15.151 and (I5.52p it follows for each A CC L the cluster expansion in (14.161) is absolutely 
convergent if the hypotheses of Theorem 13.21 hold. This proves the first claim in Proposi- 
tion EH 

Proof of Lemma \5.15\ For each S G TZj we have the bound 



E C R e^<J2J2C R e^<\S\j\ 



R incj S RSjSg 

where we applied Lemma 15.141 The bound (I5.57P now follows from the Theorem in 
by choosing there a(R) — \R\j\. □ 
We can now estimate the self interaction due the integration on scale j. 

Lemma 5.16. Let g G Qi and as defined in ^4- 18$ . Then for each i > j + 1 

Halloo < 4 (5.58) 



' g,A ll°o 

for any AccL. 
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Proof. Recalling (I5.52p . by using Lemmata 15.61 and I5.13[ we get 

ll^flU < e Yl \MR)\CrU II e-^'^-^ 
ReKjigfi) R&R (H,u)eR 

< ej: e msi&ii n ^-^-^> 

heGj R€TZj( 3 ,o) ReR (H,u)gR ^ ' ' 

where we used ( I5.22p . 

We next observe that for h G Gj, by the notion of j-incompatible j-polymers, we have 
that R\j 3 h implies .Kinc, (h, 0). Therefore, by Lemma [5.151 

sup V \MR)\Cr<1 (5-60) 

Finally, 

< [2 (2I\ + 7i ) + if + e-" 12 ^^^ (5.61) 

< 4 d [r, + 7j f + K {{m,.! - 2Sj)/2) e -^^^ 

where we used Lemma 15.71 

Noticing that item [2] in Definition 12.21 implies 7 j < Tj + i < Tj and recalling item [8] in 
Lemma I5.9[ the bound (I5.58P follows. □ 

The recursive estimate on the effective interaction due the integration on scale j re- 
quires now only a little extra effort. Indeed, the proof of Proposition 15. 121 is concluded by 
the following Lemma. 



Lemma 5.17. Let G CC Q> t , G n Qi 0, s > and $g'^ A as defined in gllfy. Th 
for each i > j + 1 

II^aIU < ^ |G| e -K-i-^)75(G, S ) (5-62) 

for any AccL. 

Proof. Let g G GnQf, recall definition (15. 3ft . by applying (15.221) . Lemmata 15.61 15. 131 and 
using the same bounds as in (I5.59P we get 

II^aIU < e IG| e -to-i-3^(G,,) J2 e -*idito.fr)/ 2 sup ]T M£)ICh 

ftiegj heS i ReKji RtjBh (5.63) 

< glGig-K-i-^-CG,*)-*^ [4«*[r. + Tj ]d + K(5 j /2) e ~ 5 ^ /4 ] 
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en 



where we used (15.511) and ( I5.60P , and argued as in (15.611) . Recalling the bounds [7] and [9] 
in Lemma [5.91 the estimate (I5.62p is proven. □ 
With the proof of this Lemma it is also completed the proof of Proposition 15.121 We 
finally show how to get Theorem 13.21 from (15.42ft and (15.431) . 

Proof of Theorem \3.£\ Item [1] equation ( 13. 8 p has been formally obtained in Section HJ 
the absolute convergence, uniform with respect to A, of the series involved in (13 .8p follows 
from Proposition 15.121 Item [2] follows immediately from the remarks below definitions 
( l4~TTj) and (I4TT5) . ItemEJ to prove the bound (EU) we recall ( KTTj) . Theorem 

and 5* := sup^^ \S X \ to get 

i-i 

||log^ i||oo < \g\QogS+ \\U\\) + J2 A » ( 5 - 64 ) 

h=0 

which implies the thesis. Finally, to get the bound (I3.10p we have to use equation (I5.49P 
in definition (I4.15p . the obvious fact that rrij-i — 5j > rrij = rrij-i — 45 j (see (I5.36P ). ( 15. 5p . 
and the fact that rrij > a/8, which follows from ( I5.36P and item [2] in Lemma [5.91 □ 



6. Proof of the main theorems 

First of all we show that Theorem 12.51 is a consequence of cluster expansion stated in 
Theorem 13.21 

Proof of Theorem \2.5l Recalling (I2.10p and the notation introduced in Section [U for 
A,X CC L we set 

' V x ,a if dianUX) < g, £(X) = 0, and X n A ^ (R 1 . 

*x,a,o ■= S n . (6-1) 

otherwise 



and 



V XA if dia moo (X) > g, £(X) = 0, and X n A + 
$ x,A,o := \ _ (6-2) 
otherwise 



Note that the families {^/x,a,o? A CC L} and {$x,a,0; A CC L} are (X, 0)-compatible. 
Moreover, for j > 1 

9Ge,:y (g)=x 

(6.3) 

$x,A,j := <Pt(R)CrA 

S>j + l=<b: SU P pii=X 

We finally set ^x,A : = Sj=o an d ^x,a : = SJ=o ^x,a,j, recall x has been introduced 

in item [1] of Theorem 13.21 
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From equation (13. 8p and the previous definitions we have that the identity (12.111) 
holds. On the other hand, from Condition 12.11 the (Y (g), 0)-compatibility of Z g ^, and 
the (supp R, R \ > J+ i)-compatibility of Cr,a we easily get that item [2] holds true. 

Now, from ( 16. ip and (16. 3p it follows that if diam 0C (X) > g and $g G Q>\ such that 
^o(flO — X then ^x,A — 0. Moreover, recalling item [6] in Definition 12 A\ for each x G L we 
get 

V sup ||^x,a||oo < V sup [||^x,A,olloc + V V || log Z^j || J (6.4) 

ft A( = CL .Y^ ACClL ft ft J 

Vb(.8)3<i> 

By exploiting ( 12. 5 p in Condition 12. 1[ the first term on the right-hand side of (I6.4p can be 
easily bounded as follows 

V" sup ||*x,A,o||oo < 52 sup ||Vx,a||oo < A (6.5) 
t~ accl rr~ accl 

To bound the second term on the right-hand side of (16.41) we note that Ug G Qj : Yo{g) 3 
x }\ < [r"j + 1 + 2?9j] d . Hence the bound (12.121) . which completes the proof of item [31 
follows from the above inequality, ( 13. 9p . (16. 4p . and ( 16. 5p . 

In order to prove itemHJlet us first show that for G CC Gj and s > 0, if (\G\, s) ^ (1, 0) 
we have 

%- X {G,s) > ^dia moo (F s (G)) (6.6) 

It is interesting to remark that the bound ( 16. 6 p might fail if it were G CC Q>j and 
G H G> j+1 ^ 0. If \G\ = 1 then G = {g} for some g G Q & \ by recalling (EH]), (EES} we get, 
since s > 1 and dj > 3Tj, 

fj-i({g}, s) = id! (QQ?), j/,(</)) > i(^- + s) > ^(2^ + 2 S + r,) > ^diam^ (Y s (g)) 

Let, now, \G\ > 2 and s = 0. Recall < 2^ and T(G) > 7j > 2iy By applying ([53]) 

we get 

7}-i(G,s) > ir(G) > \lj + ir(G) > i^ + ^dia moo (Q(G)) > ^diam oo (F (G)) 
Finally, in the case \G\ > 2 and s > 1 by ( 15. 5p 

75-i(G,a) > \T{G) + \{*j + B) > ^dia moo (Q(G)) + 1(20,- + 2a) > ^diam^^G)) 

From ( 16. 6p we get that, given I CC L, for any R G TZj such that suppi? = X and 
R \ >j + i = we have 

E ^-i(G, S )>^dia moo (X) (6.7) 

-RS-R (G,«)6fl: 
(|G|, S )^(1,0) 
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Furthermore, given g G Qj and x G L, for any R G TZj such that supp i? 3 x, R \j 3 g, and 
R \ >j+i = we have that the left-hand side of ( 16. 7p is bounded from below by doo (x, g)/l2. 
Recalling (15.521) . by applying Lemma [5.13[ and noticing that rrij-i — 25 j > rrij, we have 
that for each x G L 



Ve 9adiamoo(x) sup || $x a || oo < Ve'" d "°= (x) 

XBx ACCL ' XBx 



SUp ||$X.A,o| 

ACCL 



f 1-1 (6 ' 8) 



j>l fl6Kj: ^ i?CR (G,a)6R 

suppfl=X,flr >J + 1 = (|G|,s)^(l,0) 



Recalling ( I6.2p . the first term on the right-hand side of 06. 8 p can be bounded as follows 
V- e<?a dia moo (x) sup ii^^i^ < J2 sup H^aIU 

XBx ACCL ACCL 

diamoo (X)>Q 



X3x ACCL 



where we used T(X) > diamoo (X), Condition I2.ll and definitions (12 . 1 OH . 

Recall q = 2 _5 3 -2 , by using (16. 7p . the remark below it, (15. 51 j) . and rrij > a/8 we 
get, by simple computations, that the second term on the right-hand side of (16. 8 j) can be 
bounded by 

e - mj71 /36 j2j2e~ mj7j/18 J2 e ~ (mj/3<i)d °° ix ' 9) \mr)\cr (6.9) 

XBx j>l g£Qj 3.£&j--SSj39 

supp R—X , Rj > 1 =0 

which, in turn, by Lemma 15.151 is bounded by 

e -qaii y^ e -mj 7j 7l8 e -(mj/36)d 0o (a,g) < g-qcni g-32j/18 

i>l 9GG 3 J>1 yeL 



e -agd 00 (y,x) 



e 16/9 ^/gaN ^ - oc ™ 



1 - e~ 16 / 9 \ d J \ d 

(6.10) 

where we used item [6] in Lemma [5.9[ Lemma [5.7[ and the bound doo(y,x) > di(y,x)/d. 
Recalling the function K has been defined in ( 15.241) . we have proven the bound (12.131) 
which completes the proof of the Theorem. □ 
Theorem 12.61 follows from Theorem 12 .51 by the combinatorial techniques in [3]. We are, 
indeed, in a situation analogous to [3j Rem. 2.2] and it is not difficult to check that items 
[1] and [2] in the hypotheses of Theorem 12.61 on the geometry of the supports of the local 
functions fi, ■ ■ ■ , f n imply that Lemma 3.2 in [3], which yields the bound (I2.17p . holds. 
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